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Nanotechnology has opened new avenues for advanced research in various fields of soft materials. 
Materials scientists, chemists, physicists, and computational mathematicians have begun to take 
a keen interest in soft materials due to their potential applications in nanopatterning, membrane 
separation, drug delivery, nanolithography, advanced storage media, and nanorobotics. The unique 
properties of soft materials, particularly self-assembly, have made them useful in fields ranging 
from nanotechnology to biomedicine. The discovery of new morphologies in the diblock copolymer 
system in curved geometries is a challenging problem for mathematicians and theoretical scientists. 
Structural frustration under the effects of confinement in the system helps predict new structures. 
This mathematical study evaluates the effects of confinement and curvature on symmetric diblock 
copolymer melt using a cell dynamic simulation model. New patterns in lamella morphologies are 
predicted. The Laplacian involved in the cell dynamic simulation model is approximated by generating 
a 17-point stencil discretized to a polar grid by the finite difference method. Codes are programmed 
in FORTRAN to run the simulation, and IBM open DX is used to visualize the results. Comparison 
of computational results with existing studies validates this study and identifies defects and new 
patterns.
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Nanoscience refers to the knowledge of materials at the ultra-small scale, 10nm to 100nm, and the use of this 
knowledge to analyze and modify materials associated with nanotechnology. Nanomaterials are a broad category 
of materials with unique mechanical, optical, and electrical properties. This technology has revolutionized energy 
harvesting, functional materials, nanoelectronics, sensors, security, and bioscience1–5. Two approaches are used 
for the structural development of nanomaterials, including top-down (either atom-to-atom or molecule-to-
molecule) and bottom-up (self-organization) mechanisms6. Soft matter refers to a material whose properties 
are considered between solid and liquid. These materials include polymers, colloids, liquid crystals, and gels7.

Polymers are covalent linkages of monomers. Homopolymers consist of the same type of monomeric 
chain and copolymers consist of different types of monomeric chains. AB-diblock copolymers (ABDBC) 
are macromolecules that consist of two thermodynamically and chemically different blocks of covalently 
linked polymeric chains. These copolymers can create a variety of complex nanoparticles depending on their 
chemical composition (N), molecular characteristics (fα, α is block A or block B), surface field environment 
(confinement), and block-block interactions (χ). Experimental, material, and theoretical scientists are very 
interested in them. Due to the incompatibility of the two blocks, a molecule in a diblock copolymer system 
self-assembles and behaves in a microphase transition, giving rise to morphologies with various equilibrium 
order phases8–10. A diblock copolymer bulk system is empirically described by a phase diagram based on self-
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consistent field theory (SCFT). The phase diagram describes the microstructure and morphology of diblock 
copolymers. Phase separation and self-organization in the system lead to symmetry breaking, followed by the 
spontaneous formation of different matrices of nanostructures upon structural frustration. These morphologies 
are bicontinuous spheres (S), hexagonal cylinders (C), parallel lamellae (L) and complex gyroid (G)11,12.

Structural frustration is a function of block interaction χ, block composition f, block chain length N, block 
architecture, temperature, and geometry of the surface field. The SCFT presents the relationship between the 
degree of segregation (χN) and the volume fraction (fα) based on self-consistent field theory. Flory-Huygens 
interaction parameter χ measures the tendency for block incompatibility and segregation. At low f (one block 
is marginal), the block forms spherical or cylindrical domains within the matrix of the dominant block. When 
f = 0.5, the blocks form symmetric lamellar morphology with alternating layers of each block.

The product (χN) is the degree of segregation; blocks prefer to be more strongly separated. If this product is 
greater than a critical value (depending on block type and temperature), the system will form ordered structures. 
At low (χN), the blocks are compatible and create a random mixed stat with no microphase separation. It is 
the border between random and organized regimes. The ordered structures in symmetric diblock copolymers 
are characterized by segregation and confinement strength. The blocks become sufficiently incompatible over 
a critical number of N (about 10-13), causing microphase separation and the formation of ordered domains. 
Control of the phase diagram is at the disposal of the ODT as functions of N and f in the non-linear boundaries. 
ODTs tune (χN) and f to produce shapes near the linear boundaries. Phase diagrams can show non-equilibrium 
structures during self-assembly under dynamical effects with thermodynamic equilibrium shapes12–14.

Further, Section 2 presents important related research works and points out the research gap and motivation 
for the current study. The proposed approach is presented in Section 3. Simulation results are discussed in 
Section 4 while Section 5 concludes this study.

Confinement in diblock copolymers: a review
In diblock copolymer systems (DBCS), confinement is a key element influencing self-assembly. Diblock 
copolymers may have a different phase behavior than bulk ones when soft materials are confined to nanopores. 
This has the effect of upsetting the equilibrium between confining intermolecular forces, entropy, and 
increasing structural frustration, which causes various kinds of phase transitions15–17. Diblock copolymers can 
self-assemble into multiple complicated shapes when they are contained in circular annular pores, including 
concentric cylinders, concentric circles, toroidal structures, and vertically aligned lamellae. The key variables 
in the structural regulation of soft materials are symmetry breaking, frustration, interfacial interactions, and 
entropy-enthalpy interactions. These characteristics, together with many other variables, such as the composition 
of the pores and the interactions between the diblock copolymers and the pore walls, determine the precise 
morphology that develops18–20.

Confinement at the nanoscale stabilizes diblock copolymer morphologies not typically observed in bulk 
samples, as exemplified by vertical lamellae-based surfaces. As the degree of confinement increases, the films 
become thinner, and the nanopores become smaller and narrower, leading to transitions from lamellae to 
cylinders and cylinders to spheres. This is due to the competing effects of surface interactions, chain stretching 
and bending, and microdomain spacing. The research demonstrates the CDS model to simulate block copolymer 
microphase separation over substantial areas important to applications. It also clarifies how geometric 
confinement affects the self-assembled nanostructures. This offers insightful molecular-level information about 
block copolymer thin films. The shape and orientation of the nanostructures are achieved by controlling the 
degree of confinement through film thickness or nanopore size21.

Tenneti explained how non-traditional morphologies of diblock copolymers may be created via 3D 
confinement within spherical cavities or pores, and how the morphologies can be “tuned” by changing the 
confinement level. The substantial confinement effects shed light on how chain stretching, surface interactions, 
and accessible volume influence the choice of microstructure and spacing of diblock copolymer domains. 
Diblock copolymers adopt different conformations as confinement and cavity radius increase, reducing their 
interfacial area within the confined space. As the radius gets smaller, they change from lamellae to cylinders to 
spheres. Confinement also causes a decrease in the distance between microdomains. Chain stretching, surface 
interactions, and confined volume interact to determine microdomain placement. Lamellae are formed parallel 
to the surface in the lower confinement. To pack more densely under increasing confinement, cylinders and 
spheres develop with random orientation22.

Confinement significantly affects the conformations that develop during diblock copolymer self-assembly. 
Stable conformations depend on various confinement effects, such as chain distortion, surface contacts, 
and available volume. Furthermore, there is a way to choose between different possible nanostructures by 
adjusting the degree of confinement. Depending on their structure, Diblock copolymers can self-assemble into 
nanostructures such as lamellae, cylinders, and spheres. By incorporating factors including chain distortion, 
surface contact, and confining volume, confinement in thin films or nanopores can change morphologies. 
Lamellae, cylinders, and spheres are three different shapes that change with increasing confinement23.

Block copolymer confinement significantly affects the configuration of nanoparticles in these domains. 
While reduced confinement can nevertheless result in better-ordered formations, high confinement restricts 
the mobility and organization of nanoparticles24. Morphology, which controls how colloids aggregate and pack 
within domains, is determined by the degree of confinement. The strength of confinement and the resulting 
structure is controlled by film thickness, colloid size, and interaction energy25. Cell dynamics simulations 
show that confinement significantly affects the microphase separation, morphologies, and orientations of 
diblock copolymers. More curved domains are favored by strong confinement because they can better occupy 
the confined space. Through a rigorous examination of confinement effects, the simulations shed light on 
how variables, including chain conformation, interfacial area, surface energy, and nanopattern shape, affect 
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morphology under confinement26. As Pinna pointed out, curved geometries require stronger confinement. For 
this purpose, Pinna first investigated the diblock copolymers by confining them in the cartesian coordinate 
system and then extrapolated the results to the polar coordinate system. Polar geometries are used to achieve this 
goal in this research to obtain the curved confinement directly.

Confinement of the diblock copolymer melt to the substrate increases the geometrical frustration within 
the system, driving the self-assembly of the material to form new nanostructures that are not possible in bulk. 
The initial state of confinement for diblock copolymer melts is one-dimensional confinement in which the 
material is confined between two parallel walls. The results are the appearance of perforated holes and parallel 
and perpendicular lamellae patterns to the walls. In two-dimensional confinement, the material is confined 
between cylindrical nanopores to form helix-like nanostructures. In three-dimensional confinement, materials 
are confined in spherical cavities, whereby structural distortions in the materials predict toroidal morphologies. 
The curvature affects the topological appearance of expected results in equilibrium structures with defects27. 
The diffusion equation is solved using self-consistent field theory, three-dimensional spherical geometry, 
pseudospectral for angular coordinates in polymer concentration, and modified Crank-Nicolson method for 
radial direction. Field conditions are iteratively adjusted using Anderson mixing and rotational alignment 
techniques with adaptive parameters28.

Diblock copolymers, polar geometries, and challenges
Diblock copolymers within irregularly bound polar geometries have attracted attention in theory, finding 
that experimental and computational studies have encountered difficulties compared to Cartesian coordinate 
systems. Control connections can be simple in polar coordinates, but complex problems increase the numerical 
cost beyond Cartesian coordinates. Solving such issues contributes to our understanding of self-assembly in 
confined spaces.

Motivation and research gaps
Soft matter nanostructure control continues to be a difficult problem for theorists. The symmetry breaking of soft 
materials for innovative nanostructures is made possible by structural frustration, which is modified by external 
field confinement. This control aims to improve our ability to predict total device miniaturization, which is still 
difficult in coherent block systems that are restricted to circular geometries. The Laplacian is discretized with 
17-point stencils in the polar mesh; innovative lamellae patterns are anticipated when this challenge is taken into 
account for fA = fB = 0.5.

Contributions
In this study, some new patterns of Lamellae forming system of confined diblock copolymers are obtained under 
the curvature effect. This study can be utilized in material design, nanostructure fabrication, self-assembly 
processes, biological applications, and theoretical advancements. The numerical method for the CHC equation 
is a central aspect. The discussion is enhanced with the cell dynamic simulation model to clarify its significance 
and applicability. The detail is given as:

• Material Design: Research on the effects of confinement and curvature can use these patterns to produce 
materials with customized properties, such as increased mechanical strength or certain thermal properties, 
for applications in nanotechnology and advanced engineering.

• Nanostructure Fabrication: Assessing the effect of curvature and confinement on lamellae formation fur-
ther stabilizes its application, which may lead to advanced fabrication techniques for nanostructures. This 
approach may enable the development of functional materials that are essential in electronics, photonics, and 
biomedical devices.

• Self-Assembly Processes: The insights gained from this study may improve the prediction and control of 
self-assembly processes in diblock polymer systems, facilitating the design of complex architectures that are 
difficult to achieve by conventional methods.

• Biological Applications: The findings may also inform the design of biomimetic materials that mimic natural 
structures, potentially influencing drug delivery systems and tissue engineering.

• Theoretical Advancements: This research contributes to the theoretical understanding of polymer behavior 
under confinement, providing a foundation for future research.

Materials and methods
In our previous study26, we used a 9-point stencil in the polar grid system and investigated symmetric and 
asymmetric lamellae forming systems confined in circular annular pores with neutral and attractive walls. The 
grain boundary, dislocation, and disclination morphologies are common in previous and current symmetric 
investigations about curvature and confinement effects but the formation of patterns is different. With the 
increase of points of Laplacian, the patterns obtained after simulations are of mixed orientation and complex. 
When diblock copolymers were studied with a nine-point Laplacian for confinement and curvature effects, 
investigation of the interfacial walls in the pores found only concentric circles, but when the points were 
increased to 17, we found mixed orientation patterns in the simulation results. Concentric circles were found at 
low pore sizes, but by increasing the Laplacian coordinates with curvature and confinement, we also found new 
patterns with grain boundary, dislocation, and disinclination morphologies.

Continuous physical space can be difficult to handle computationally, so it is often discretized into a grid of 
discrete points, where the properties of the system are evaluated at these points.

This grid of points is called a computational space, and it is usually constructed with a uniform orthogonal 
structure to facilitate the use of numerically explicit finite difference schemes (FDM) used to approximate 
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derivatives between adjacent mesh points involved in differential equations. To achieve accuracy, mesh points 
must be clustered in the area of larger gradients and the area of small gradients, they should be spread out to 
reduce computational costs. A cartesian coordinate system is not suitable for this purpose since it is uniform and 
orthogonal everywhere. Therefore, curvilinear coordinates generate grids with non-uniform spacing, allowing 
grid points to be clustered or spread out as needed29.In Figure 1, the complete interpretation of the polar disc 
geometry is presented. In this polar coordinate system, r represent radial coordinate (ra ≤ r ≤ rb) and θ for the 
angular coordinate (0 ≤ θ ≤ 2π). Each mesh cell is characterized by △r (along the radial axis of the pore) and △θ 
(along the radian axis of the pore). Models created using polar coordinates more closely reflect the symmetries of 
block copolymer nanostructures. It is possible to increase numerical precision and stability for radial or angular 
issues by using spatial derivatives, such as Laplacian operators, in polar coordinates. We are excluding a section 
of the inner radius ra of the disc to address singularity issues in the geometry of the polar mesh system. We tune 
the variation of the outer radius rb to obtain different pore sizes d = rb − ra of the disc.Figure 2 is evidence of the 
average point of the numerical scheme by discretization process in the polar mesh system. The radial dimension 
is discretized using a non-uniform grid and node clustering at boundaries to resolve steep gradients. N divisions 
between 0 and 2π, are used to uniformly discretize the angular dimension. The uij  is the averaging point of 
neighboring and nearest neighboring points at ith node of radial and jth node of the radian axis30.

Cell dynamic simulation model
The cell dynamics simulation methodology simulates spinodal decomposition and domain expansion in 

diblock copolymers. Under this method, the mechanics of phase separation and key aspects of morphological 
development are elucidated through cell evolution. On a lattice, two processes are used to analyze the time 
development of the order parameter. The local force brought about by the chemical potential gradient gives rise 
to the former. The second allows cell communication and is related to diffusional dynamics due to differences in 

Fig. 2. Discretization in polar mesh.

 

Fig. 1. Mesh system in polar disc.
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configuration parameters between adjacent cells31.Figure 3 shows the workflow of the cell dynamic simulation 
model. the cell dynamic simulation model. A system of diblock copolymers is created by Polymers A and B. The 
average approximation of the numerical scheme for the isotropic Laplacian ∇2 included in the CDS model is 
achieved by discretization of the macromolecule. The system initially distributes polymer segments at random 
and gives each cell its original composition. The system determines the chemical potential at each cell and 
uses numerical integration to determine the changing compositions to solve the cell equation of motion. The 
order parameter for the developed domain is calculated when this system tests the equilibrium. If the system is 
balanced, it will examine the morphology by locating the domains, calculating flaws, and measuring periodicity. 
When confinement is used as the surface field, more simulation-order phases are retained in the system. The 
Partial differential equations involved in the system are programmed in FORTRAN. The results obtained are 
visualized using IBM open DX.

Simulation procedure
A diblock copolymers system is considered with Nα chains (α = A or α = B) in V volume molecule containing 
fα monomers, α is a species of monomers in the form of fαZ  statistical segments with l n1

2  scale length. The 
local volume fractions for two incompatible blocks in the system are

 
ϕA =

1

ρ0

N∑
i=1

∫ fA

0

dζδ
{
r − rAi (ζ)

}
 (1)

 
ϕB =

1

ρ0

N∑
i=1

∫ fB

0

dζδ
{
r − rBi (ζ)

}
.  (2)

where ρ0 is the density of melt connectivity, 0 < ζ < N  and δ is an incompressibility constraint32,33. At time t, 
the order parameter ψ (i, t) is determined for cell i of a macromolecule of DBC given as

 ψ = ϕA − ϕB + (1− 2f ) (3)

Fig. 3. Flow chart of cell dynamics simulation indicating the flow of the simulation as well as the processes 
involved in simulation.
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where f = NA
NA+NB

is global volume fraction fof A monomers. The rate of change in ψ with time ensures the 
continuity, given as

 
∂ψ(r, t)

∂t
= −∇j(r, t) (4)

In Equation 4, j(r, t) represents a flux (linearly related to the local chemical potential) is assumed to be

 j(r, t) = −M{∇µ(r, t)}. (5)

where M is the positive Onsager coefficient which describes the mobility of the monomer A concerning the 
monomer B. This chemical potential is obtained with a functional derivative of the free energy as follows.

 
µ(r, t) =

δF [ψ]

δψ
 (6)

The time evolution of the ψ is described by the CHC (Cahn-Hilliard-Cook) equation34,35

 
∂ψ

∂t
= M∇2

(δF [ψ]

δψ

)
+ ηξ(r, t). (7)

In Equation 7, we set M = 1, representing the mobility coefficient.

The CHC equation couples ψ to a chemical potential µ that depends on spatial gradients of ψ via an interaction 
term. Minimizing the free energy drives the system toward equilibrium microphase separation. The free energy 
functional F [ψ(r)]

kT  is represented by the equation36.

 
F [ψ(r)] =

∫
dr
[
H(ψ) +

D

2

∣∣∇ψ
∣∣2] + B

2

∫
dr′G(r − r′)ψ(r)ψ(r′) (8)

In 6, the first term is a short-range interaction term, while the second terms denote the short and long-
range interaction terms. D is the diffusion constant and the G(r − r′) is a green function that satisfies 
∇2G(r − r′) = −δ(r − r′). The parameter B introduces a chain-length dependence on the free energy 
H(ψ) given as37,38:

 
H [ψ] =

[
− τ

2
+

A

2
(1− 2f )2

]
ψ2 +

v

3
(1− 2f )ψ3 + (

u

4
)ψ4 (9)

The temperature parameter is represented by τ , while A, v, and u are phenomenological constants related to 
molecular characteristics related to molecular characteristics. These parameters can be associated with molecular 
characteristics. The expressions for τ , D, and B are given by:

 τ = τ ′ − A(1− 2f )2 (10)

and

 
τ ′ = − 1

2N
{Nχ− s(f )

4f 2(1− f )2
}  (11)

 
D =

b2

48f (1− f )
 (12)

 
B =

( 3

2Nbf (1− f )

)2
 (13)

where χ is an interactive parameter and χ is inversely proportional to the temporal parameter, N is polymerization, 
b is the length of the segment, degree, s (f ) ≈ 1 is an empirical fitting function39–41.

For numerical evolution of the CDS order parameter is given below42

 ψ(n, t + 1) = ψ(n, t)− {⟨⟨Γ(n, t)⟩⟩Γ(n, t)} + Bψ(n, t) (14)

where

 Γ(n, t) = g(ψ(n, t)− ψ(n, t) +D{⟨⟨ψ(n, t)⟩⟩ − ψ(n, t)} (15)

where {⟨⟨Γ(n, t)⟩⟩Γ(n, t) ) is Isotropized discrete Laplacian in polar and and i = (ir, iθ) are polar coordinates 
with ∆t time steps for order parameters.
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In case of confinement

 Γ(n, t) = g(ψ(n, t)− ψ(n, t) +D{⟨⟨ψ(n, t)⟩⟩ − ψ(n, t)} − Sir (16)

The boundary conditions are si (r) = hi × ϕi × δnr=1 or nr=Nr and hi is mutual interaction strength between 
blocks and walls, δA=B is Kronecker delta37.

The discretization of free energy function g(ψ) is given by

 
g (ψ) =

[
1 + τ − A(1− 2f )2

]
ψ − v (1− 2f )ψ2 − uψ3 (17)

The Laplacian in polar form

 
∇2

ψ = ψrr +
1

r
ψr +

1

r2
ψθθ (18)

where 0 ≤ θ ≤ 2π with θj = j∆θ for j = 1, 2, 3, . . . , nθ. and ra ≤ r ≤ rb with ri = ra + i∆r for i = 1, 2, 3, . . . , nr

.

A continuum molecule of the diblock copolymer system is converted into discrete set-off points and the 
discretization process is carried out for Laplacian involved in the CDS model in the polar mesh through the finite 
difference method. The discrete 17-point isotropic stencils of Laplacian in the polar grid are given in Figure 4.

First-order approximation of the partial derivative for the points at the location (i− 1, j + 1), (i, j + 1) and 
(i + 1, j + 1) given in Figure 4, along the radial axis, given as

 
ψr =

1

2(∆r)
{ψi+1,j+1 − ψi−1,j+1} (19)

First-order approximation of the partial derivative for the points (i− 3, j), (i− 2, j), (i− 1, j), (i, j), (i + 1, j), 
(i + 2, j) and (i + 3, j) given in Figure 7, with respect to r, given as:

 

ψr = a2ψi−3,j + b2ψi−2,j + c2ψi−1,j + d2ψi,j + e2ψi+1,j

+ f2ψi+2,j + g2ψi+3,j
 (20)

Using Taylor series approximations, we have:

Fig. 4. 17-point discrete macromolecule of diblock copolymers system confined in annular circular pore with 
averaging point ψi,j, neighboring points N, nearest points NN, nearest neighboring points NNN.
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ψi−3,j =ψi,j − 3(△r)ψr +
9

2
(△r)2ψrr −

9

2
(△r)3ψrrr +

27

8
(△r)4ψrrrr

− 81

40
(△r)5ψrrrrr +

81

80
(△r)6ψrrrrrr

ψi−2,j =ψi,j − 2(△r)ψr + 2(△r)2ψrr −
4

3
(△r)3ψrrr +

2

3
(△r)4ψrrrr

− 4

15
(△r)5ψrrrr +

4

45
(△r)6ψrrrrrr

ψi−1,j =ψi,j − (△r)ψr +
1

2
(△r)2ψrr −

1

6
(△ξ)3ψrrr +

1

24
(△r)4ψrrrr

− 1

120
(△r)5ψrrrr +

1

720
(△r)6ψrrrrrr

ψi+3,j =ψi,j + 3(△r)ψr +
9

2
(△r)2ψrr +

9

2
(△r)3ψrrr +

27

8
(△r)4ψrrrr

+
81

40
(△r)5ψrrrrr +

81

80
(△r)6ψrrrrrr

ψi+2,j = ξi,j + 2(△r)ψr + 2(△r)2ψrr +
4

3
(△r)3ψrrr +

2

3
(△r)4ψrrrr

+
4

15
(△r)5ψrrrrr +

4

45
(△r)6ψrrrrrr

ψi+1,j =ψi,j + (△r)ψr +
1

2
(△r)2ψrr +

1

6
(△r)3ψrrr +

1

24
(△r)4ψrrrr

+
1

120
(△r)5ψrrrr +

1

720
(△r)6ψrrrrr

Implies, the equation (20) can be written as:

 

ψr = a2

[
ψi,j − 3(△r)ψr +

9

2
(△r)2ψrr −

9

2
(△r)3ψrrr +

27

8
(△r)4ψrrrr

− 81

40
(△r)5ψrrrrr +

81

80
(△r)6ψrrrrrr

]
+ b2[ψi,j − 2(△r)ψr + 2(△r)2ψrr

− 4

3
(△r)3ψrrr +

2

3
(△r)4ψrrrr −

4

15
(△r)5ψrrrrr +

4

45
(△r)6ψrrrrrr]

+ c2

[
ψi,j − (△r)ψr +

1

2
(△r)2ψrr −

1

6
(△r)3ψrrr +

1

24
(△r)4ψrrrr

 (21)

 

− 1

120
(△r)5ψrrrrr

] 1

720
(△r)6ψrrrrrr + d2(ψi,j) + e2[ψi,j + (△r)ψr

+
1

2
(△r)2ψrr +

1

6
(△r)3ψrrr +

1

24
(△r)4ψrrrr +

1

120
(△r)5ψrrrrr]

+ f2

[
ψi,j + 2(△r)ψr + 2(△r)2ψrr +

4

3
(△r)3ψrrr +

2

3
(△r)4ψrrrr

+
4

15
(△r)5ψrrrrr +

4

45
(△r)6ψrrrrrr

]
+ g2

[
ψi,j + 3(△r)ψr +

9

2
(△r)2ψrr

+
9

2
(△r)3ψrrr +

27

8
(△r)4ψrrrr +

81

40
(△r)5ψrrrrr

+
81

80
(△r)6ψrrrrrr

]

 (22)

Comparing the Coefficient in Equation (21), the system of equations given as:

 

a2 + b2 + c2 + d2 + e2 + f2 + g2 = 0

−3a2 − 2b2 − c2 + e2 + 2f2 + 3g2 =
1

(△r)

9a2 + 4b2 + c2 + e2 + 4f2 + 9g2 = 0

−27a2 − 8b2 − c2 + e2 + 8f2 + 27g2 = 0

81a2 + 16b2 + c2 + e2 + 16f2 + 81g = 0

−243a2 − 32b2 − c2 + e2 + 32f2 + 243g2 = 0

729a2 + 64b2 + c2 + e2 + 64f2 + 729g2 = 0

Implies, solving the system of equations:
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a2 =
−1

60(△r)

b2 =
3

20(△r)

c2 =
−3

4(△r)

d2 = 0

e2 =
3

4(△r)

f2 =
−3

20(△r)

g2 =
1

60(△r)

After that, The equation (20) becomes

 
ψr =

1

60(∆r)

{
−ψi−3,j + 9ψi−2,j − 45ψi−1,j + 45ψi+1,j − 9ψi+2,j + ψi+3,j

}
 (23)

Following the similar procedure:

First-order approximation of the partial derivative for the points at the location (i− 1, j − 1), (i, j − 1) and 
(i + 1, j − 1) given in Figure 7, along the radial axis, given as

 
ψr =

1

2(∆r)
{ψi+1,j−1 − ψi−1,j−1} (24)

Adding 19, 23 and 24, we get.

 

ψr =
1

180(∆r)

{
− ψi−3,j + 9ψi−2,j − 45ψi−1,j + 45ψi+1,j − 9ψi+2,j + ψi+3,j

}

+ 30
{
ψi+1,j+1 − ψi−1,j+1

}
+30

{
ψi+1,j−1 − ψi−1,j−1

}  (25)

Second-order approximation of the partial derivatives for the points(i− 1, j + 1), (i, j + 1) and (i + 1, j + 1) 
given in Figure 4, along the radial axis, given as

 
ψrr =

1

(∆r)2
{ψi+1,j+1 − 2ψi,j+1 + ψi−1,j+1} (26)

Second-order approximation of the partial derivative for the points (i− 3, j),(i− 2, j), (i−, j), (i, j), (i + 1, j)
,(i + 2, j) and (i + 3, j) given in Figure 7, along the radial axis, given as

 
ψrr =

1

180(∆r)2
{
2ψi−3,j − 27ψi−2,j + 270ψi−1,j − 490 ψi,j + 270ψi+1,j − 27ψi+2,j + 2ψi+3,j

}
 (27)

Second-order approximation of the partial derivatives for the points (i− 1, j − 1), (i, j − 1) and (i + 1, j − 1) 
given in Figure 7, along the radial axis, given as

 
ψrr =

1

(∆r)2
{ψi+1,j−1 − 2ψi,j−1 + ψi−1,j−1} (28)

Adding 26, 27 and 28, we get.

 

ψrr =
1

540(∆r)2
{
2ψi−3,j − 27ψi−2,j + 270ψi−1,j − 490 ψi,j + 270ψi+1,j − 27ψi+2,j + 2ψi+3,j

}

+ 180 {ψi+1,j−1 − 2ψi,j−1 + ψi−1,j−1} + 180 {ψi+1,j+1 − 2ψi,j+1 + ψi−1,j+1}
 (29)

Second order approximation of the partial derivatives for the points (i− 1, j + 1), (i− 1, j) and (i− 1, j − 1)
given in Figure 4, along the radian axis, given as

 
ψθθ =

1

(∆θ)2
{ψi−1,j+1 − 2ψi−1,j + ψi−1,j−1} (30)

Second-order approximation of the partial derivative for the points (i, j + 3),(i, j + 2), (i, j + 1), (i, j), (i, j − 1)
,(i, j − 2) and (i, j − 3)given in Figure 4, along the radian axis, given as
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ψθθ =

1

180(∆θ)2
{
2ψi,j−3 − 27ψi,j−2 + 270ψi,j−1 − 490 ψi,j + 270ψi,j+1 − 27ψi,j+2 + 2ψi,j+3

}
 (31)

Second order approximation of the partial derivatives for the points (i + 1, j + 1), (i + 1, j) and (i + 1, j − 1)
given in Figure 4, along the radian axis, given as

 
ψθθ =

1

(∆θ)2
{ψi+1,j+1 − 2ψi+1,j + ψi+1,j−1} (32)

Adding 30, 31 and 32, we get.

 

ψθθ =
1

540(∆θ)2
{
2ψi,j−3 − 27ψi,j−2 + 270ψi,j−1 − 490 ψi,j + 270ψi,j+1 − 27ψi,j+2 + 2ψi,j+3

}

+ 180 {ψi−1,j+1 − 2ψi−1,j + ψi−1,j−1} + 180 {ψi+1,j+1 − 2ψi+1,j + ψi+1,j−1}
 (33)

Now for the approximation of Laplacian involved in the CDS model, put 25, 29 and 33 in 18 and get

 

∇2
ψ =

1

540(∆r)2

[{
2ψi−3,j − 27ψi−2,j + 270ψi−1,j − 490ψi,j + 270ψi+1,j − 27ψi+2,j + 2ψi+3,j

}

+ 180
{
ψi+1,j−1 − 2ψi,j−1 + ψi−1,j−1

}
+ 180

{
ψi+1,j+1 − 2ψi,j+1 + ψi−1,j+1

}]

+
1

180(r∆r)[{
− ψi−3,j + 9ψi−2,j − 45ψi−1,j + 45ψi+1,j − 9ψi+2,j + ψi+3,j

}
+ 30

{
ψi+1,j+1 − ψi−1,j+1

}

+30
{
ψi+1,j−1 − ψi−1,j−1

}]

+
1

540(r∆θ)2

{
2ψi,j−3 − 27ψi,j−2

+ 270ψi,j−1 − 490ψi,j + 270ψi,j+1 − 27ψi,j+2 + 2ψi,j+3

}
+

180
{
ψi−1,j+1 − 2ψi−1,j + ψi−1,j−1

}

+ 180
{
ψi+1,j+1 − 2ψi+1,j + ψi+1,j−1

}

 (34)

Implies for equation 14,

 

⟨⟨Γ(n, t)⟩⟩ − ψ(n, t) =ω

nr∑
i=1

nθ∑
j=1

[{
1

540(∆r)2

{
2ψi−3,j − 27ψi−2,j + 270ψi−1,j + 270ψi+1,j−

27ψi+2,j + 2ψ1+3,j

}
+

1

3(∆r)2

{
ψi+1,j+1 − 2ψi,j+1 + ψi−1,j+1 + ψi+1,j−1

− 2ψi,j−1 + ψi−1,j−1

}}
+

1

r

{
1

180(∆r)

{
− ψi−3,j + 9ψi−2,j − 45ψi−1,j + 45ψi+1,j − 9ψi+2,j + ψi+3,j

}

+
1

6(∆r)

{
ψi+1,j+1 − ψi−1,j+1 + ψi+1,j−1 − ψi−1,j−1

}}
+

1

r2

{ 1

540(∆θ)2

{2ψi,j−3 − 27ψi,j−2 + 270ψi,j−1 + 270ψi,j+1 − 27ψi,j+2 + 2ψi,j+3}

+
1

3(∆θ)2
{ψi+1,j+1 + ψi−1,j−1 + ψi−1,j+1 + ψi+1,j−1 − 2ψi+1,j − 2ψi−1,j}

}]
−

nr∑
i=1

nθ∑
j=1

ψi,j

 (35)

Equation 35 is isotropic discrete Laplacian on a 17-point stencil using a polar grid obtained by a finite difference 
scheme. The isotropic Laplacian is used in the form (<< ∗ >> −∗) for the cell dynamic simulation model43. 
The Laplacian is invariant under rotation in two-dimensional space44. The addition of diagonal points makes 
stencils more efficient45. Increasing points in Laplacian makes the Laplacian operator accurate to the exact 
solution46. The 17-point stencil is reported isotropic47. The exact isotropy of stencils formed in polar geometry is 
indeed very difficult to obtain due to curvature effects. Therefore, we have solved this problem in cells such that 
anisotropy is also avoided if exact isotropy is not obtained. △r and △θ in the cells should be set in such a ratio 
that the isotropy value is closest to the exact isotropy, and the anisotropy is too far away. In this computational 
modeling of diblock copolymer melts confined in annular circular pore with interior radius ra, exterior radius 
rb and pore size d = rb − ra. The criteria for obtaining isotropy are set as: △r = (rb − ra)△θ. If rb − ra = 3, 
△r = 0.1 and △θ = 0.0174532, this ratio becomes 1.9, acceptable in the range of isotropy.
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The cell dynamic simulation model essentially provides isotropic computational results. This study uses a proper 
method to discretize the isotropic Laplacian operator in a polar mesh system. Including more contributions from 
the next nearest-neighbor cells adds more accuracy and isotropy compared to our previous results. Since CDS 
provides large-scale simulations, it may contain very few defects in the simulation results. Numerical studies 
cannot provide perfect isotropic results, including small and negligible directional bias. The computational 
results obtained from this study are consistent with experimental and computational studies in the literature.

Here, waiting factor for neighboring nearest neighboring points is ω=
[

54(r∆r∆θ)2

49{(∆r)2+(r∆θ)2}

]
. The internal radius 

is fixed at ra = 3 or ra = 5 and ra = 7 to avoid issues of singularities, and the size of rb varies according to the size 
of pore d. Hence (35) is required isotropic discretized numerical scheme involved in cell dynamics simulation.

The periodic boundary conditions are applied on the angular coordinate of the polar mesh for evaluation of 
the Laplacian operator in the polar mesh system, given as:

ψ(i,Nθ+1) = ψ(i,1), ψ(i,0) = ψ(i,Nθ), for all i = 1, 2, ..., Nr

The reflective boundary conditions are applied on the radial coordinate for calculations of the Laplacian in 
the polar mesh system, given as:

ψ(Nr+1,j) = ψ(Nr,j), ψ(0,j) = ψ(i,j), for all j = 1, 2, ..., Nθ.
In these boundary conditions, ψ(i, j) is approximation of order parameter ψ(r, θ), where i = 1, 2, 3, ..., Nr 

and j = 1, 2, 3, ..., Nθ. The initial condition for the system of order parameter ψ(r, θ)t=0 ∈ (0.5,−0.5).

Simulation and results
Simulations can provide insights into the behavior of diblock copolymers, such as their phase separation, self-
assembly, and morphological transitions. The simulations can reveal how the polymer chains segregate into 
different phases and how the morphology of the resulting structures depends on factors such as temperature, 
pressure, and composition38. We have investigated discrete macromolecules consisting of diblock copolymer 
systems in polar geometries in two phases. The first phase is binary fluid simulation, and the second phase is the 
simulation of the Lamellae forming system with neutral and attractive walls, respectively. Binary fluid simulations 
model the diblock copolymer system as a mixture of two immiscible fluids representing the two polymer blocks. 
In these simulations, the interactions between the polymer chains and the solvent molecules are modeled using 
intermolecular potential functions. The resulting equations of motion are then solved numerically to obtain a 
time-evolving picture of the system.

Computational setup
The computational study in the manuscript is carried out by applying reflective boundary conditions in the radial 
direction and periodic boundary conditions in the angular direction. If the function goes outside the exterior 
or interior radius, the following imposed conditions (as shown in Figure 5) repel it back to within the grid size.

 ψ(rb + 1, θj) = ψ(rb, θj)  (36)

 ψ(ra + 1, θj) = ψ(ra, θj)  (37)

Similarly, the computation imposes the following boundary conditions (as shown in Figure 6) for the angular 
input.

Fig. 5. Imposed boundary conditions.

 

Scientific Reports |        (2024) 14:25916 11| https://doi.org/10.1038/s41598-024-76213-3

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


 ψ(rj, Nθ + 1) = ψ(rj, 0) (38)

 ψ(rj, Nθ − 1) = ψ(rj, Nθ) (39)

In this study, the reflective boundary conditions imposed on the radial direction and periodic boundary 
conditions imposed on angular coordinates ensure that no flux generation occurs in computational results.

Simulation details
All the CDS simulations were carried out using periodic boundary conditions in the angular direction 0 ≤ θ ≤ 2π
, where the angular step is taken 2π360 , and reflective boundary conditions were applied in radial r direction. The 
pore is contained between two concentric circles where the interior radius of the pore system is fixed at 3, 5, 
and 7 in three types of pore systems, and the exterior radius of the pore system was varied for different values to 
expand the pore size of the system. Therefore, circular annular pore size becomes d, where d represents the pore 
size of the system. The simulation results were obtained on 1 million time steps.

Evaluation of pore size in circular annular pore using CDS model
The circular annular pore is composed of a space between two concentric circles, numerically defined by a polar 
coordinate system. The internal radius of the pore is kept fixed, say, ra = 3. The external radius rais kept to vary 
to extend various pore sizes. The pore size is evaluated by d = rb − ra. In the pore size d = 2, the internal radius 
is fixed at ra = 3, and the external radius is rb = 5 as shown in Figure 7. In Table 1, ∆r = 0.1.

In the computational set-up of the polar grid system, ri is the real variable used for changing radius r in the 
system. The value of ri is computed from the relation ri = i×△r + ra, where i is a discrete variable of the 
polar grid system. The pore size is d = rb − ra = 5− 3 = 2 For i = 1, 2, 3, . . . , 20r1 = 1× 0.1 + 3 = 3.1

r2 = 2× 0.1 + 3 = 3.2
r3 = 3× 0.1 + 3 = 3.3
...
...
r19 = 19× 0.1 + 3 = 4.9
r20 = 20× 0.1 + 3 = 5There are 20 grid points on the radial line and 360 grid points on the circumference of 
each circle, for a total of 20times360 = 7200 points in the system (Figure 7).

Binary fluid simulation and predictions
In the first phase, binary fluid simulations examine the binary mixtures of diblock copolymer systems in 
polar geometries. The binary fluid simulation is obtained by tuning parameter B = 0. This simulation studies 
macrophase separation in a pore system instead of microphase separation. The simulation is run for 1000000-
time steps, and the results provide insight into the minimum energy state the system could achieve.

Table 1 shows the values of various parameters of the CDS model on which the simulations are carried out 
while Figures 8 show the visual results of the binary fluid for different grid sizes on these parameters.

In Figure 8 (a), (b), and (c), the internal radius is fixed ra = 3. The results of binary fluid simulations are 
obtained at the grid sizes 30× 360× 1 in Figure 8(a), 30× 360× 1 in Figure 8 (b), and 0× 360× 1 in Figure 8 

Fig. 6. Imposed boundary conditions for angular input.
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(c). The external radius rb of the pore in Figure 8 (a), (b), and (c) vary by 6, 7, and 8, respectively, to extend the 
pore size d by 3,4, and 5. Here, the pore sizes are evaluated by d = rb − ra.

The simulation result indicates that the domain distinctly separates into two subdomains with high 
concentrations (red rich for Polymer A and blue rich).

Simulation of lamellae forming system with neutral walls
According to simulation, both blocks have a similar attraction for walls, which results in polar cells with A/B-
rich lamellae domains. Based on surface interactions at various pore sizes, lamellar spacing, and width change in 
response to repulsions, attractions, chain connectedness, and surface interactions.

Table 2 shows the values of the parameters used in the lamellae-forming simulation for neutral walls. 
Different pore sizes are outlined within two concentric circles. The domain for periodic boundary conditions is 
applied in the radian domain 0 ≤ θ ≤ 2π and reflective boundary conditions are applied in the radial domain. 

A B D u v f τ ∆r ∆t α ∆θ
1.50 0.20 0.50 0.50 2.30 0.50 0.36 0120 0.10 0.00 0.017453292...

Table 2. CDS parameters for developing lamellae forming system with neutral walls.

 

Fig. 8. Macrophase separation for binary fluid obtained on 1000000-time steps, in a pore system with the 
interior radius of the pore system was fixed at ra = 3.0 and the grid sizes are (a) 30× 360× 1 (b) 40× 360× 1 
and (c) 50× 360× 1.

 

A B D u v f τ ∆r ∆t α ∆θ
1.50 0.00 0.50 0.50 2.30 0.50 0.36 0.1 0.10 0.00 0.017453292

Table 1. CDS parameters for the development of lamellae forming system.

 

Fig. 7. Evaluation of grid points and pore size in cell dynamic simulation of diblock copolymer melts.
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The computational domain in block A is red rich while the computational domain in block B is blue rich. For 
neutral walls simulation, the interactive strength α between the walls and one of block A or block B is set at zero.

Figure 9 shows the symmetric lamellae system (fA = 0.5 = fB) with neutral walls (α = 0) presented in 
various time steps in a circular annular pore with internal radius ra = 3 and grid size 30× 360× 1. Predicted 
patterns are recorded at different time steps while the simulation is repeated up to a million times.

These evaluations are precited by cell dynamic simulation during time intervals t = 0 in (a), t = 10 in (b), 
t = 100 in (c), t = 1000 in (d), t = 10, 000 in (e), t = 50, 000, t = 10, 000 in (f), t = 50, 000 in (g), t = 100, 000 in 
(h), t = 500, 000 in (i) and t = 1000, 000 in (e), respectively. Blocks are dispersed and mixed at random during 
the initial time steps. However, as the simulation goes on, blocks with strong connections start to separate and 
form domains, despite the absence of any clear morphology. The size and definition of domains increase, but 
their randomness remains. After some time, the blocks self-assemble into an equilibrium lamellar morphology 
with alternating layers of each block. More parallel and uniformly spaced layers develop. The equilibrium stage is 
evident at the 100,000 time step. This reflection is also presented in the graph of minimization of the free energy 
functional, shown in Figure 10.

In Figure 11, the lamellar morphology of a symmetric diblock copolymer system in a polar disc is investigated 
for different pore sizes 2 ≤ d ≤ 10. The external radius of the pore varies in the ranges 5 ≤ rb ≤ 13 depending 
on the pore size of the annular circular pore. The internal radius of the pore is fixed at ra = 3. The simulation 
is carried out in one million time steps. From the simulation results, it is observed that the lower pore size has 
some perforated pores, the number of which increases as the pore size increases or the symmetry is broken. The 
deformation process starts, and open lamellae and dumbly-like patterns are observed. Some V-type patterns are 
observed. With increasing grid size, a transition from a V-type pattern to a U-type pattern can also be observed. 
As pore size increases, a tilted U-type pattern is observed, followed by W-type and Y-type patterns. A further 
increase in pore size causes an increasing frequency of parallel and perpendicular lamellae on the outer surface 
of the disc with combinations of tilted U, V, and Y-lamellae morphologies.

Figure 12 investigates the lamellar morphology of the symmetric diblock copolymer system in the polar disc 
for various pore sizes 2 ≤ d ≤ 10. The annular circular pore’s internal radius, ra = 5, and the range of outward 
radius is 7 ≤ rb ≤ 15. The simulation results show that parallel strips of lamellae appear in the lower grid size 
in the lower half, and some Y-type patterns are also present. It can be seen that there are also some y-patterns 
between the parallel stripes. Some V-type, dumbly-type, and ω-type patterns are also found. As the grid size 
increases, some parallel bands appear to change the shape of the curve. A further increase in grid size leads to 

Fig. 9. Evaluation of symmetric lamellae system confined in annular circular pore with interfacial walls 
strength α = 0.0, having fixed internal radius ra = 3, fixed external radius rb = 6, grid size 30× 360× 1 
on various time steps: (a) time-step 0, (b) time-step 10 (c) time-step 100 (d) time-step 1000,(e) time-step 
10,000,(f) time-step 50,000, (g) time-step 100,000 (h) time-step 500,000, (i) time-step 750,000, (j) time-step 
1000,000.
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deformation in parallel lamella patterns mirrored with Y-patterns. Initially, no perforated holes were found, but 
as the pore size increased, the number of perforated holes gradually increased in frequency to form open-ended 
lamellae. Then, these open-ended lamellae are associated with V and Y patterns. Further increasing the pore size 
shows the transition of parallel stripes to curved stripes along the radial axis and other patterns to tilted patterns. 
Due to symmetry breaking, the deformation of holes and strips increases, and the trend of strips parallel to 
the pore changes to the perpendicular trend of the pores. Some zig-zag patterns and Moroccan U-type pattern 
formations can be seen clearly on the outer side of the discs.

Figure 13 examines the symmetric diblock copolymer system’s lamellar morphology for various pore diameters 
2 ≤ d ≤ 10. The annular circular pore’s internal radius, ra = 7, its exterior radius, rb, ranges 9 ≤ rb ≤ 17.. The 
results show that some stripes parallel to the radial are visible at lower pore sizes in the top and bottom halves 
of the discs. Perforated holes are not visible in these initial pore sizes, but dimples are visible. At larger disc grid 
sizes, the complexity of the pattern increases, and geometrically symmetrical lamellae appear to form. Elongated 
curved lamellae are seen on the inner and outer diameters of the disc, and between them, various patterns, 
V-type, tilted V-type, U-type, tilted U-type, and some omega-type patterns are seen.

Simulation of lamellae forming system with attractive walls
Symmetric diblock copolymers, with one block favoring the walls, self-assemble into lamellae between attractive 
walls. Lamellae spacing and ordering are influenced by interaction strengths, thickness, temperature, and wall 
attraction, all of which play a role in lamellae morphological progression.

Table 3 shows the values of the parameters used in the Lamellae forming simulation with attractive walls.
In Figure 14, a simulation is presented for a symmetric lamellar system (fA = fB) along with attractive walls 

in a circular annular pore at different time steps. Inner radius ra = 3, the strength of attractive walls is α = 0.2 

Fig. 11. Evaluation of symmetric Lamellae forming system on 1000000-time steps confined in annular circular 
pore of sizes d=2,3,4,5,6,7,8,9,10 with interior radius fixed at ra = 3 and variable exterior radii (a) rb = 5, (b) 
rb = 6, (c) rb = 7, (d) rb = 8, (e) rb = 9, (f) rb = 10, (g) rb = 11, (h) rb = 12 and (i) rb = 13 having neutral 
walls.

 

Fig. 10. The graph of free-energy functional.
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A B D u v f τ ∆r ∆t α ∆θ
1.50 0.20 0.50 0.50 2.30 0.50 0.36 0120 0.10 0.02 0.017453292

Table 3. CDS parameters for developing lamellae forming system with attractive walls.

 

Fig. 13. Evaluation of symmetric Lamellae forming system on 1000000-time steps confined in annular circular 
pore of sizes d=2,3,4,5,6,7,8,9,10 with interior radius fixed at ra = 7 and variable exterior radii (a) rb = 9, (b) 
rb = 10, (c) rb = 11, (d) rb = 12, (e) rb = 13, (f) rb = 14, (g) rb = 15, (h) rb = 16 and (i) rb = 17 having neutral 
walls.

 

Fig. 12. Evaluation of symmetric Lamellae forming system on 1000000-time steps confined in annular circular 
pore of sizes d=2,3,4,5,6,7,8,9,10 with interior radius fixed at ra = 5 and variable exterior radii (a) rb = 7, (b) 
rb = 8, (c) rb = 9, (d) rb = 10, (e) rb = 11, (f) rb = 12, (g) rb = 13, (h) rb = 14 and (i) rb = 15 having neutral 
walls.
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Fig. 15. Evaluation of symmetric Lamellae forming system on 1000000-time steps under one-dimensional 
confinement with interfacial walls strength α = 0.2 in annular circular pore of sizes d=2,3,4,5,6,7,8,9,10 with 
interior radius fixed at ra = 3 and variable exterior radii (a) rb = 5, (b) rb = 6, (c) rb = 7, (d) rb = 8, (e) rb = 9, 
(f) rb = 10, (g) rb = 11, (h) rb = 12 and (i) rb = 13.

 

Fig. 14. Evaluation of symmetric lamellae system under one-dimensional confinement in annular circular 
pore with interfacial walls strength α = 0.2 having fixed internal radius ra = 3, fixed external radius rb = 6
, grid size 30× 360× 1 on various time steps: (a) evaluation of symmetric lamellae forming system in pore 
size d = 6 on the time-step 10, (a) evaluation of symmetric lamellae forming system in pore size d = 6 on the 
time-step 100, (b) evaluation of symmetric lamellae forming system in pore size d = 6 on the time-step 1000, 
(c) evaluation of symmetric lamellae forming system in pore size d = 6 on the time-step 10000, (d) evaluation 
of symmetric lamellae forming system in pore size d = 6 on the time-step 10, (e) evaluation of symmetric 
lamellae forming system in pore size d = 6 on the time-step 100000, (f) evaluation of symmetric lamellae 
forming system in pore size d = 6 on the time-step 1000000.
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and grid size is set to 30×360. The visual evaluations are precited during time intervals t = 10 in (a), t = 100 
in (b), t = 1000 in 6(c), t = 10000 in (d), t = 100000 in (e), and t = 1000000 in (f), respectively. The simulation 
is carried out at a maximum of 1000000-time steps. Due to increased structural distortion due to confinement, 
new ordered structures have emerged, which are described in different pores.

In Figure 14, a simulation is presented for a symmetric lamellar system (fA = fB) along with attractive 
walls in a circular annular pore at different time steps. Inner radius ra = 3, the strength of attractive walls is 
α = 0.2 and grid size is set to 30× 360× 1. The visual evaluations are precited during time intervals t = 10 in 
(a), t = 100 in (b), t = 1000 in 6(c), t = 10000 in (d), t = 100000 in (e), and t=1000000 in (f), respectively. The 

Fig. 17. Evaluation of symmetric Lamellae forming system on 1000000-time steps under one-dimensional 
confinement with interfacial walls strength α = 0.2 in annular circular pore of sizes d=2,3,4,5,6,7,8,9,10 with 
interior radius fixed at ra = 7 and variable exterior radii (a) rb = 9, (b) rb = 10, (c) rb = 11, (d) rb = 12, (e) 
rb = 13, (f) rb = 14, (g) rb = 15, (h) rb = 16 and (i) rb = 17.

 

Fig. 16. Evaluation of symmetric Lamellae forming system on 1000000-time steps under one-dimensional 
confinement with interfacial walls strength α = 0.2 in annular circular pore of sizes d=2,3,4,5,6,7,8,9,10 with 
interior radius fixed at ra = 5 and variable exterior radii (a) rb = 7, (b) rb = 8, (c) rb = 9, (d) rb = 10, (e) 
rb = 11, (f) rb = 12, (g) rb = 13, (h) rb = 14 and (i) rb = 15.
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simulation is carried out at a maximum of 1000000-time steps. Due to the increase in structural distortion due 
to confinement, new ordered structures have emerged, which are described in different pores.

In Figure 15, we investigate a symmetric diblock copolymer system with attractive circular walls in circular 
annular pores of varying sizes 2 ≤ d ≤ 10 with the internal radius of the pore kept fixed at ra = 3. The external 
radius of the pore ranges 5 ≤ rb ≤ 13, depending on the pore size of the annular circular pore. The morphology 
evolves depending on the pore size and preferential wall attraction. Looking at the simulation results in Figure 
14, concentric circles at pore size d=2 are observed. However, as the pore size increases d=3, the concentric 
circles turning into parallel strips along the radial and radian axis are seen. As the pore size increases to d=4, 
some perforated holes change into stripes. When d=5, new open-ended holes are formed, and the U-type pattern 
meets the open-ended pattern to create an alternating U-pattern. With further increase in pore size to d=6, 
the parallel stripes appear to become disordered mixed with u- and v-patterns to form W-type patterns. The 
complexity of the patterns increases at d=7, and the joining of curved strips is seen to form transverse lamellae 
in the longitudinal direction. At the largest pore sizes, such as d=8,9 and 10, perforated holes appear to increase 
along the outer edges. Some perforated holes and dumbbell patterns are visible along the outer boundary of the 
discs. Elongated curved lamellae with a tilted y-pattern and an alternating inverted y-pattern are also observed.

In Figure 16, the investigation is carried out by keeping the inner radius ra of the pore system fixed at five and 
the external radius of the pore ranges 7 ≤ rb ≤ 15, depending on the pore size 2 ≤ d ≤ 10. At pore sizes, d=2 and 
d=3, concentric circular patterns are obtained due to confinement and polar geometry in the disc. Deformation 
of these concentric circles at pore size d=4 results in the formation of strips parallel and perpendicular to the 
pore and then transformed into u, v, and w patterns at pore size d=5. Perforated holes are visible in the disc 
at pore size d=6. A w-pattern is also seen with the combination of u and open-ended lamellae strips in pore 
size d=7. A look at pore sizes 8, 9, and 10 shows alternating V and W-style patterns. Longer, diagonals, more 
complex, and interconnected patterns are also seen near the outer boundary of the discs.

Fig. 18. Comparison of our predicted lamellae morphologies (a) with experimental studies, (b) Plasma 
etch transfer of self-assembled polymer patterns48, (c) The morphology of ordered block copolymer patterns 
as probed by high-resolution imaging49 and (d) Study of the ordered assembly morphologies of diblock 
copolymers on the same substrate50.
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In Figure 17, the lamella morphology is constrained to the polar geometry by keeping the inner radius of the 
pore system fixed at ra = 7 and varying the external radius 7 ≤ rb ≤ 15, depending on the pore size 2 ≤ d ≤ 10
. The simulation results are generated at one million time steps. Looking at the simulation results in the polar 
disc, it is clear that confinement also plays an important role in forming new patterns along with the change in 
the inner radius of the disc. At pore size d=2, we get concentric circles. The deformation of the concentric circle 
at pore size d=3 results in the circles dissolving into perforated holes and parallel strips that are parallel and 
perpendicular to the pore. Small holes are also found in it. An L-type inverted L-type pattern forms upon further 
deformation at pore size d=4. Some perforated holes and parallel and perpendicular strips along the pore are 
also seen in clusters. An L-type inverted L-type pattern forms upon further deformation at pore size d=5. Some 
perforated holes and strips parallel and perpendicular to the pore are also seen in clusters. In pore sizes 6 to 10, 
holes are found around the pore walls. A few S-type patterns are also prominent, with small W- patterns and long 
curved strips interspersed with these patterns. Some hook-shaped patterns are also seen at extreme pore sizes. 
As the pore size increases, the patterns seem to increase in complexity, and the above patterns tend to become 
longer and more overlapping.

Comparison of study with experimental studies
In contrast to experimental studies, computational modeling involves simulation techniques to model the self-
assembly of block copolymers into lamellae structures and to investigate the effects of various parameters, such 
as pore geometry, molecular fraction, and interactions with walls, on the resulting morphologies. Both studies 
contribute to our understanding of the self-assembly of block copolymers; they approach the problem from 
different angles and provide complementary insights39–41.

Figure 18 compares this simulation research and other research, showing that our fabricated morphologies 
closely resemble the morphologies of experimentally fabricated soft materials. It is clear from looking at 1(a), 
1(b), 1(c), and 1(d) shapes that Y-patterns and tilted Y-patterns are seen forming as well as alternating mixed-y 
patterns interlaced. A look at the 2(a), 2(b), 2(c), and 2(d) shapes shows that they closely resemble an interlaced 
and replicated U-type and tilted U-type pattern. After observing 3(a), 3(b), and (c), it is clear that the perforated 
holes are similar to our investigations and experimental studies. Similarly, 4(a) and 4(b) resemble in their 
concentric circles. In addition to experimentally similar morphologies, this investigation has also revealed some 
morphologies that better illustrate the significance of this work.

In26, symmetric diblock copolymers were investigated with a cell dynamic simulation model to evaluate 
the effects of confinement and curvature with a nine-point Laplacian approximation. Symmetric investigation 
revealed grain boundary, dislocation, and disinclination morphologies in the configuration of the neutral wall 
during confinement, but only concentric circle patterns were found during confinement in the configuration of 
the interfacial wall. In this symmetric study, when the points were increased to 17, mixed orientation patterns 
were found in the simulation results. During the neutral walls phase, the mixed orientation of patterns was 
found, including dislocation, disclination, and dislocation morphologies. Few concentric circles were obtained 

Fig. 19. The new predicted Lamellae morphology of symmetric diblock copolymers system confined in 
circular annular pore (a), (b), (c), (d), and (i) with defects in predicted morphology (e), (f), (g), (h), (j), (k) and 
(l).
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at low pore sizes in the confinement phase with attractive walls. Some new patterns and defects in Lamellae 
patterning are also observed significantly.

This study is carried out with fixed volume fractions, and Lamellae size varies concerning radius due to 
characteristics of the polar grid. However, fat in size. This study appreciates frustration, as Lamellae forms rich 
patterns compared to computational studies. This study with 2D Confinement i-e (confined in circular annular 
pores and employing attractive walls) is consistent with the studies in27. The topology of curved planes and 
surfaces enforces the defect structures in the equilibrium phases with different radii. The predicted results in this 
investigation appear in dislocation and disclination morphologies, similar to27 but different in nature of patterns 
(discussed in detail in Figure 18. Moreover, grain boundary morphologies were also observed.

Considering the simulation results, it is found that pore size, curvature, and confinement have left their 
effects on the lamella forming system and some new lamella patterns ( (a), (b), (c), (d), and (i) have emerged and 
defect patterns ( (e), (f), (g), (h), (k) and (l) have also been observed.

In Figure 19, the morphologies are observed in the form of hexagonal Lamellae peaking with deforming 
perforated hole (a), Lamellae parallel to the radial axis of the pore (b), Lamellae perpendicular to the radial axis 
(c), Concentric Lamellae (d), Perforated hole surrounded by reformatted perforated holes along the pore (e), 
Deformation of perforated holes perpendicular to the pore (f), Expansion of deformed perforated holes parallel 
and perpendicular to the pore (g). A tilted T or Tau morphology (h), Alternating W-patterns (i), Reflected L- 
Lamellae (j) Alternating perforated holes in the edges of square wave-like morphology (k) Alternating strips of 
hockey shape with deformed perforated holes.

Limitations of study
The simulation of diblock copolymer systems at finite geometries can be influenced by the size of the system and 
by constructing a discretized numerical scheme for the Laplacian at higher points. The internal pore size cannot 
be initialized to zero, otherwise, singularity problems may occur and the numerical scheme becomes undefined.

Conclusions
The alternating curved patterns of the AB-diblock copolymer system confined into circular annular pores 
are exhibited and analyzed in this study. To accomplish predicted visuals of phase diagrams of these patterns, 
rigorous new numerical formulations for approximation of the set of partial differential equations involved in 
the Cell dynamic Simulations model, are carried out in this study using a polar mesh system. Using existing 
approximated formulations for partial derivatives, a novel numerical formulation for the approximations of the 
Laplacian operator on 17-pint stencil is successfully presented in this contribution which is useful in numerically 
solving partial differential equations on polar mesh system. New formulations of physically motivated partial 
differential equations and Laplacian functional approximations are carried out on the challenging polar 
mesh system to avoid singularity issues in the center and its neighborhood during the discretization. This 
computational study reveals and showcases novel patterns of symmetric AB-Block copolymers confined into 
a circular disc. The curved alternating strips of symmetric AB block copolymer system mold into different 
shapes due to the effect of curvature and frustration of nano-particles. Computational results on different pore 
sizes show distinct patterns in the disc, including perforated holes, Y-shaped, tilted Y-shaped, V-shaped, tilted 
V-shaped, W-shaped, U-shaped, T Shape, tau shape, L-shaped, tilted L-shaped and dimple-like pattern. Phase 
diagrams of the alternating symmetric AB-block copolymer system with small pore sizes conform to more 
frequent perforated holes and alternating strips parallel to the radii of the pore. In contrast, appreciated pore 
size conforms to open-ended lamellae. The symmetry breaking in the confined AB-block copolymer system 
promotes perpendicular to the pore alternating strips. Appreciated pore sizes weaken the curvature effect on the 
lamellae morphology; consequently, the randomness of curved alternating strips and elongated curved lamellae 
into the disc conforms. The confining symmetric diblock copolymer into a disc, placing interfacial circular walls 
and small pore size conforms perfect alternating concentric circles in the pore domain due to the curvature and 
interaction of the nano-particles.

New morphologies of diblock copolymer systems can be explored in the future by creating a two-dimensional 
confinement system with a three-dimensional numerical scheme.

Data availability
The data generated in this study can be requested from Muhammad Javed Iqbal.
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